
Lesson Plan

Complex Numbers and Generating Fractals
Grade Levels:  9 – 12

Objectives:

1. Students will study the properties of fractals.

2. Students will make connections between complex numbers and fractals.

3. Students will enhance their Internet abilities by using the Internet to carry out searches on Fractals. 

4. Students will understand the mathematics used to generate images of the Mandelbrot Set.

5. Students will create a spreadsheet that allows them to decide the numbers that fall within the Mandelbrot Set.

6. Students will use a program on the Internet to create their own Word Fractals.

Methodologies:  Lecture, individual class work, cooperative learning, Internet research, spreadsheets.

Materials/Media:  Chalkboard, graphing paper, triangular graph paper, computer, Internet, Microsoft Excel.

Outline of Lesson:

I. Complex Numbers (this area should have be covered thoroughly with students, this is a brief review)

a. What are they?

b. Why are they important?

c. Plotting Complex Numbers

d. Arithmetic Operations on the Complex Plane

II. What is a fractal?

a. Broad Definition

b. Examples (Mandelbrot Set, Julia Set, Koch Snowflake, Cantor Dust, Sierpinski’s Triangle)

c. Real-Life Applications (pictures, movies, music)

III. Exploring the Properties of Fractals

a. Creation of Fractals

b. Iterations

c. Internet Activity

IV. Visualizing the Complex Plane

a. Investigating the Mandelbrot Set

b. Creation of Mandelbrot Set

c. Connections to class work (complex numbers)

d. Spreadsheet Activity:  Determining the Mandelbrot Set

I.  Complex Numbers


Complex Numbers are any number of the form a + bi, where a is the real number part and bi is the imaginary part.  Complex numbers usually appear in mathematics when one is solving a polynomial of degree 2 or higher, for x.  They arise when x is not a real number, but rather an imaginary one.


The Fundamental Theorem of Algebra, among other things, gives a general relation between the n solutions to an nth degree equation and its n coefficients.  An nth degree equation can be written in modern notation as

xn + a1xn-1 + . . . + an-2x2 + an-1x + an = 0

where the coefficients a1, . . ., an-2, an-1, and an are all constants.  An nth degree equation has n number of solutions, if you allow all roots and  count roots with multiplicity.  So, for example, the equation x2 – 2x + 1 = 0 has two solutions, x = 1 and x = 1.  However, in mathematics there are some cases were there are no real solutions or only one real solution, so in order to account for all the solutions we have such a thing as imaginary numbers.  For example, the equation x2 + 1 = 0 has two solutions, but they are not real numbers.  Watch!

x2 + 1 = 0

x2 = -1

x = + (-1

If you were to type the (-1 into your calculator you would find that the calculator would give you an error message.  That is because calculators (for the most part) do not deal with imaginary numbers.  So, how do we then know what x is equal to in the above example.  (-1 is equal to the imaginary number i and because of this we can take the square root of any negative number.

Examples:

1.  (-4 = (-1 * ( 4 = i * 2 = 2i

2.  (-3 = (-1 * (3 = i(3

Solve the following quadratic equation for x.

x 2 –6x + 25 = 0

x = -b ( ( b2 – 4ac


              2a


x = 6 ( ( ((-6)2 – 4(1)(25))

                   2(1)


x = 6 ( ( (36 – 100)

                 2


x = 6 ( ( -64

            2


x = 6 ( 8i

         2


x = 3 ( 4i

We know that all complex numbers are of the form a + bi, where a and b are real numbers, real numbers being all those numbers which are positive, negative, or zero.  Therefore, we can use the xy-plane to display complex numbers.  We’ll even call it the complex plane when we use the xy-plane that way.  


When we use the xy-plane for the complex plane, we’ll call the x-axis by the name real axis, and the y-axis we’ll call the imaginary axis.  Real numbers are to be considered as special cases of complex numbers; they’re just the numbers a + bi when b is 0, that is, they’re the numbers of the real axis.  For example, the real number 2 can be written as 2 + 0i.  The numbers on the imaginary axis are sometimes called purely imaginary numbers.

We can add, subtract, and multiply complex numbers and plot the sums, differences and products as well as the original complex numbers.


To add complex numbers simply add the terms that are alike.



Example:  
z = 3 + i





w = -1 + 2i





z + w = 2 + 3i

We can plot z, w, and z + w on the complex plane.  The following is a picture of what that might look like.
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To multiply complex numbers you use a process commonly referred to in math as F.O.I.L, which stands for First Outer Inner Last.


Example:
z = 3 + i




w = -1 + 2i




zw = (3 + I)(-1 + 2i) 




      = -3 + 6i – 1i + 2i2



      = -3 + 5i + 2(-1)




      = -3 + 5i - 2




      = -5 + 5i

We could also plot these numbers on the complex plane in the same manner as done above.


Plotting Complex Numbers in a certain manner can create beautiful artistic pictures, known as Fractals. 

II.  What is a fractal?


Fractals are a rough or fragmented geometric shape that can be subdivided in parts, each of which is (at least approximately) a reduced-size copy of the whole.  Fractals are everywhere.  They are geometric figures similar to rectangles, circles, and squares, but fractals have properties different from these figures.  There are many different types of fractals.  Here are a few examples of some famous fractals.
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The Mandelbrot Set

(http://math.rice.edu)


The Mandelbrot Set is a popular fractal.  The actual Mandelbrot Set consists of the dark regions of the graph.  It is made up of points on the complex plane whose absolute value remains finite under repeated iterations of a single operation.  The basic shape, the dark region, occurs infinitely many times in a structure connected by tiny dark threads.  However, the color-coded areas at the edges of the set are very interesting both mathematically and artistically.  Each color represents a different property for numbers close to, but not actually in, the Mandelbrot Set.  The Mandelbrot Set is created by a general technique where a function of the form zn+1 = f(zn) is used to create a series of a complex variable.  In the case of the Mandelbrot, the function f(zn) = zn2 + z0.  This series is generated for every initial point z0 on some partition of the complex plane.  To draw an image on a computer screen the point under consideration is colored depending on the behavior of the series, which will act in one of the following ways:

1.  approaches 0

2.  approaches infinity

3.  oscillates between a number of states

4.  exhibit no recognizable pattern.
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The Julia Set

(http://www.geocities.com/CapeCanaveral/2854/gallery.html)


The image shown here is an example of a type of fractal known as a Julia Set.  Repeating a simple procedure over and over produces such images.  With Julia sets, the process involves squaring complex numbers, numbers with both real and “imaginary” components.
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The Koch Snowflake

(http://math.rice.edu)


The Koch Snowflake is originally an equilateral triangle that has had equal line segments cut from it.  Line segments, equal in length to those removed, were replaced in another triangular shape.  This process is done repeatedly an infinite number of times.  Here are the first four iterations of the Koch Snowflake.
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  Original Triangle
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Four Iterations of the Koch Snowflake

(http://math.rice.edu)
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Cantor Dust

(http://math.rice.edu)


Cantor Dust is a famous fractal created by taking a single line segment and continuously removing the middle third of the line segment.  The fractal is created after completing this process an infinite number of times.
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Sierpinski’s Triangle

(http://math.rice.edu)


Sierpinski’s Triangle is a self-similar geometric figure that is formed by taking an equilateral triangle and cutting away from it other equilateral triangles that continuously reduce in size in the same way over and over again.


Fractals can be seen in nature, such as in ferns and/or coastlines, but they can also be animated, and can be heard in the form of music.  

	


Click for larger image

	Spirit Lake

	


Click for larger image

	Mountains and Clouds


(http://library.thinkquest.org/12740/netscape/landscapes/index.html)

	


Click to play movie

	Great Ball of Fire (115 KB)


(http://library.thinkquest.org/12740/netscape/movies/index.html)

To hear a sample of fractal music click on the link below.

http://library.thinkquest.org/12740/netscape/music/index.html
III.  Exploring the Properties of Fractals


Fractals are relatively new to the mathematical world.  Mathematicians all over the world are currently studying them.  The mathematics behind fractals is generally more advanced.  However, there is a lot about fractals that can be understood at your level.


Using pencil and paper you can create fractals such as the Koch Snowflake, Cantor Dust and Sierpinski’s Triangle.  (Directions for creating these fractals can be found on Cynthia Lanius’s web page, http://math.rice.edu/~lanius/fractals/iterpr.html) However, the image you create is only a representation of part of the whole fractal because you cannot physically repeat the process an infinite number of times.  


The Mandelbrot Set and the Julia Set can also be created using pencil and paper, but can be created more easily by using the computer.  Let’s investigate a little further into these fractals, particularly the Mandelbrot Set, since it uses something we have been studying recently, complex numbers.

Before we get into the specifics of the Mandelbrot Set it is important to understand what an iteration is and how it plays an important role in the creation of fractals.  The following activity can be found under Fractal Activities in the Math Internet Projects and Activities menu at the following site:

http://www.glenbrook.k12.il.us/gbs/Academics/gbsmat
________________________________________________________________________

Let's Iterate!
In order to understand what a fractal is, you need to learn how they are created. Below are pictures of fractals that undergo iterations. Try to describe what happens to the previous drawing in each iteration in the fractal below. 

	Initial Condition 
	First Iteration 
	Second Iteration 
	Third Iteration
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	(a) Initial Condition


Here is a different kind of fractal. Based on what you wrote about the term iterate, try and draw the third iteration of the fractal below. 

	(c) Second Iteration 

	(b) First Iteration


Surfing the Net

Open the Internet program Netscape. Click on the "Open" option and enter one of the following addresses: 

http://www.mste.uiuc.edu/glazer/fractals/fractals.html 
OR
http://www.glenbrook.k12.il.us/gbsmat/fractals/fractals.html

If the computer is not able to locate one of the addresses, click on the "Open" option again and check to make sure that every letter and symbol corresponds to the address above. If you are still having difficulty, then try the other address. If you are still having trouble, then ask a classmate or your instructor for assistance. 

Questions

Follow the instructions of Chopping Broccoli and answer the following questions as you see them on the Internet. 

1. Describe in a complete sentence what happens to the previous drawing in each iteration. 






2. Based on what you wrote about the term iterate, try and draw the third iteration of the fractal below. Hint: Each iteration takes every line segment and constructs a triangle in the center. 


3. If the main stem of the leaf is the initial condition of the fractal, then how many iterations do you think the plant has undergone? Explain how you determined this. 







4. How do you think the iterations relate to the growth and development of the plant? 







Now for the Super Cool Neato Far-out Fractals 

Really cool fractals can be generated by computing thousands of iterations on supercomputers. The Fractal Explorer at Colorado State University is a place where you can zoom in on a fractal. Once you arrive there, read the Information and select either the Mandelbrot, Newton, or Julia fractals and zoom away! Try to zoom in a picture several times until you see the original fractal appear again. While you "surf" through the fractals, observe any patterns in the fractal pictures. 

After you are finished with the Fractal Explorer, you should return to the previous location by selecting the "Go" window and finding "Fractals in Nature." 

5. How would you relate the concept of similarity to all of the iterations and a fractal? 







6. Now that you have seen a lot of different types of fractals, how does a stem of broccoli relate to similarity and fractals? 


Scroll down to the bottom of the "Fractals in Nature" page and click on the broccoli to continue to the "Really Cool Fractals" page. 

7. What type of fractals did you find on the "Really Cool Fractals" list? What type of fractals did you construct in Geometer's SketchPad? 
________________________________________________________________________

IV.  Visualizing the Complex Plane

Now let’s use what we have already learned about Complex Numbers and fractals to investigate and create the Mandelbrot Set.  


Go to the Internet site http://shell.rmi.net/~tph/fractalkit/explore-mandel.html.

Use the zoom feature to continuously magnify a section of the Mandelbrot Set.

1. What are some things you noticed when you magnified the set?

2. Did this raise any questions for you?  If so, what are they?

3. Can you make any generalizations or draw any conclusions about the Mandelbrot Set?

In this section you will learn how repeatedly adding and multiplying complex numbers creates these images.   

Images of the Mandelbrot Set are plotted in the complex plane, where each point (a, b) represents the complex number a + bi.

1. Iterate the function f(z) = z2 + c for a complex value 1 + 1i, starting with z = 0.  

2. Plot the results in the complex plane, they form the critical orbit for that number c.

The complex numbers whose critical orbits settle into predictable cycles (visiting the same point or points in the complex plane repeatedly) form the Mandelbrot Set.

Complex numbers whose critical orbits escape to infinity (eventually moving far away from the origin) are not in the Mandelbrot Set.


We can use a spreadsheet to calculate the critical orbit of a complex number of c for the function f(z) = z2 + c.

1. Enter these cell formulas, then fill down:

a. B8=B7^2-D7^2+$B$4

b. D8=2*B7*D7+$D$4

c. A8=A7+1

2. Are these formulas correct?

3. What do they do in the spreadsheet?

Your spreadsheet should look like the following example.


[image: image13.wmf]Mandelbrot Set Calculator:  f(z)=z^2+c

c

1 

+

1 

i

Iteration

z

0 

0 

+

0 

i

=A7+1

=B7^2-D7^2+$B$4

+

=2*B7*D7+$D$4

i

=A8+1

=B8^2-D8^2+$B$4

+

=2*B8*D8+$D$4

i

=A9+1

=B9^2-D9^2+$B$4

+

=2*B9*D9+$D$4

i

=A10+1

=B10^2-D10^2+$B$4

+

=2*B10*D10+$D$4

i

=A11+1

=B11^2-D11^2+$B$4

+

=2*B11*D11+$D$4

i

=A12+1

=B12^2-D12^2+$B$4

+

=2*B12*D12+$D$4

i

=A13+1

=B13^2-D13^2+$B$4

+

=2*B13*D13+$D$4

i

=A14+1

=B14^2-D14^2+$B$4

+

=2*B14*D14+$D$4

i

=A15+1

=B15^2-D15^2+$B$4

+

=2*B15*D15+$D$4

i

=A16+1

=B16^2-D16^2+$B$4

+

=2*B16*D16+$D$4

i

=A17+1

=B17^2-D17^2+$B$4

+

=2*B17*D17+$D$4

i

=A18+1

=B18^2-D18^2+$B$4

+

=2*B18*D18+$D$4

i

=A19+1

=B19^2-D19^2+$B$4

+

=2*B19*D19+$D$4

i

=A20+1

=B20^2-D20^2+$B$4

+

=2*B20*D20+$D$4

i

=A21+1

=B21^2-D21^2+$B$4

+

=2*B21*D21+$D$4

i

=A22+1

=B22^2-D22^2+$B$4

+

=2*B22*D22+$D$4

i

=A23+1

=B23^2-D23^2+$B$4

+

=2*B23*D23+$D$4

i

=A24+1

=B24^2-D24^2+$B$4

+

=2*B24*D24+$D$4

i


This is what you should have for numerical results.
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c

1 

+

1 

i

Iteration

z

0 

0 

+

0 

i

1 

1 

+

1 

i

2 

1 

+

3 

i

3 

-7 

+

7 

i

4 

1 

+

-97 

i

5 

-9407 

+

-193 

i

6 

88454401 

+

3631103 

i

7 

7.811E+15 

+

6.424E+14 

i

8 

6.06E+31 

+

1.004E+31 

i

9 

3.572E+63 

+

1.216E+63 

i

10 

1.13E+127 

+

8.69E+126 

i

11 

5.17E+253 

+

1.96E+254 

i

12 

ERR 

+

ERR 

i

13 

ERR 

+

ERR 

i

14 

ERR 

+

ERR 

i

15 

ERR 

+

ERR 

i

16 

ERR 

+

ERR 

i

17 

ERR 

+

ERR 

i

18 

ERR 

+

ERR 

i


(The spreadsheet shows that 1 + 1i is not in the Mandelbrot Set.)

4. Create a spreadsheet like the one shown, and use the fill-down feature to iterate the function 1500 times.  

5. What happens in your spreadsheet when the magnitudes of numbers in a critical orbit become very large?  That is, how does the spreadsheet tell you a value of c is not in the Mandelbrot Set?

6. Use your spreadsheet to tell whether each complex number is or is not in the Mandelbrot Set.

a. 0

b. i

c. –1 + 0.5i

d. –1.2 + 0.1i

e. –0.1 + 0.8i

If you were to graph any of your above results you would see that it is impossible to see the whole Mandelbrot Set because you can not do the process an infinite amount of times.  You will only see a portion of the set.

**For some fun activities using an IFS, Iterated Function System, to create fractals out of words go to http://daa.com.au/~james/fractals/ifs/intro.html.
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